A control law is derived for the Zero-Inertia (ZI) powertrain, a non-linear system with an ill-defined relative degree. Classical non-linear feedback control of this system is impossible. The control law designed in this article uses approximate input-output linearisation. Stability of the closed loop system is proved using Lyapunov's direct method and the theorem of Hartman-Grobman. Simulations show that the new control law results in good tracking behaviour.
Introduction
In an attempt to combine the appreciated behaviour of`normal' gearboxes and the fuel saving potential of continuously variable transmissions (CVTs), Serrarens (2001) , Van Druten (2001) and Vroemen (2001) conceived a solution to circumvent the latent response to accelerator motions in CVT equipped vehicles. Such behaviour is especially noticed when driving fuel economically, that is at an average low engine speed. When one wants the vehicle to rapidly increase the vehicle's speed more engine power is requested. Due to the fuel economic operating points of the engine this fast power increase cannot be immediately delivered and a latency occurs similar to the well known`turbo-lag' seen in diesel engines equipped with a turbo charger. Using the mechanical modification of the CVT described in this paper, this latent behaviour disappears. Furthermore, a fuel economy improvement of 10% was measured using the technique of`early upshifting', that is keeping the average engine speed as low as possible during a typical drive cycle.
The solution consists of a solid steel flywheel which assists the up-speeding engine when acceleration of the vehicle is required. This flywheel is attached to the CVT by means of a planetary gear set in such manner that its rotational speed decreases when the engine speed increases, and vice versa, Figure 1 . In this way, the flywheel compensates for the inertia of the engine when the engine is accelerated. This configuration is called`The Zero Inertia (ZI) Powertrain'.
The ZI powertrain contributes considerably to the driveability of the vehicle. However, it also introduces additional non-linearities that complicates the control design for the CVT and the throttle valve. In Serrarens (2001) and Vroemen (2001) , the control of the ZI powertrain is split up into two layers. In the first layer a controller, referred to as the coordinating controller, calculates the setpoints for the CVT and the throttle valve. In the second layer, control laws are designed for the throttle valve and for the CVT to realise these setpoints. This paper only deals with the design of the first law, that is the coordinating control laws. In the coordinating control synthesis it is assumed that the throttle valve and the CVT can perfectly realise the desired setpoints. However, in simulations, models for the actual behaviour of the CVT and throttle valve are implemented. (2001) a control law has been derived for the ZI powertrain. Simulations and experiments with this control law have been performed. However, stability of the closed-loop system was not proved in closed form, although unstable behaviour is never observed in the simulations and experiments. Here, a new control law will be designed and a stability analysis will be performed. Furthermore, the results are verified in simulations.
The remainder of this article is organised as follows. Firstly, the model used for the control design will be introduced. Next, the problems will be explained that occur when controlling the ZI powertrain. Subsequently, some methods found in literature that deal with these problems will be discussed. Then, the new control law will be discussed and a stability analysis will be performed. Finally, some simulation results will be presented and conclusions and recommendations will be given.
Model description
In this section the model for control synthesis is derived. It is shown that the two control variables are reduced to one by using a constraint function. Furthermore, the output variables of interest are also reduced to one, rendering a non-linear SISO control problem. Initially, two output variables are used for the control model. One of them is the wheel torque, T d , which may be used to measure and control the driveability of a vehicle (Serrarens, 2001) . The second output is the rotational speed of the engine, 3 e , because this quantity is representative for the fuel consumption. The inputs for the system are the rate of change of the CVT ratio, r cvt u 2 , and the engine torque T e u 1 . The non-linear state space control design model, with state x, input u and output y is given by Shen et al. (2001) :
where 3 w and r cvt represent the wheel speed and CVT ratio respectively. Furthermore,
representing the equivalent wheel sided inertia;
representing the inertia of the vehicle;
representing the equivalent inertia of the engine and all gear box internals. Finally,
represents the road load torque. If a certain trajectory is followed in the engine map (torque vs speed), this model can be written as a SISO system. Choosing a certain trajectory in the engine map is seen in many other cases as well, see for example Pfiffner (2001) . For normal production cars, the chosen trajectory of engine operating points is a trade-off between fuel efficiency and driveability. In this application we choose the engine torque input u 1 to be a fuel-optimal function of the desired mechanical wheel power only. Furthermore, the desired wheel power is a given constraint function of the actual accelerator pedal deflection and wheel speed 3 w . Then, the first control input is chosen as:
where T OL is the fuel-optimal operating function and T dYd 3 w is the desired wheel power. The engine torque is changed by changing the throttle valve angle and is therefore bounded by T 00 , representing the engine torque for a closed throttle valve, and T WOT , representing a wide open throttle valve. If the value for T OL is equal or larger than T WOT , the throttle valve is opened full until the engine torque reaches the value of T WOT .
The second input u 2 is used to control the wheel torque to the desired value, which is also determined using the wheel speed and the angle of the accelerator. If the wheel torque equals the desired value in stationary situations, the engine speed is also at the desired value, because then T e 3 e T d 3 w , assuming a mechanical transmission efficiency of 100%. Since we are predominantly interested in controlling the transient behaviour of the wheel torque we drop the engine speed as an output of interest. Because the engine torque is now prescribed rather than controlled, the system of Equation (2) can be written as SISO:
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The ZI powertrain is a system that has an ill-defined relative degree, see Section 3.1. This is at least true, if the system is modelled as a SISO-system, as in Equation (9). Furthermore, it is a non-minimum phase for a certain range of the admissible states. The non-minimum phase (NMP) behaviour is discussed in detail in Guzzella and Schmid (1995) , Liu and Stefanopoulou (2002) and Serrarens (2001) . It is already shown in Grizzle et al. (1994) that for asymptotic tracking of an open set of reference trajectories a system must be minimum phase and have a well-defined relative degree. Therefore, the ZI powertrain controlled by an asymptotic controller can only achieve error-bounded tracking. In this section, the ill-defined relative degree and NMP behaviour of the ZI system is explained in more detail. Furthermore, literature and technical overview of control methods dealing with such system classes are presented.
Problem of systems with an ill-defined relative degree
Consider the system of Equation (9). In order to determine the relative degree, the output is differentiated twice:
where:
It can be seen that, as long as d T 0 the relative degree equals 2. However,
thus the relative degree switches to three, since y needs to be differentiated once more to obtain the input u in the output equation. In the point x 4 r zi , the total inertia J e J t J p connected directly to the engine is exactly compensated by the inertia of the flywheel J f and it is called the Zero Inertia (ZI) point. A system with a switching relative degree within the set of admissible states is said to have an ill-defined relative degree. This introduces some extra challenges in the design of a proper control law. Classical non-linear control methods cannot be used for systems with an ill-defined relative degree, because this leads to unbounded inputs. This can be explained as follows.
Most non-linear control strategies are based upon the idea of inverting the non-linear system, so that a new, linear system appears, for the ZI powertrain this means choosing:
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with v a new input. The system is now obviously a linear system and easy to stabilise. However, it is obvious that u becomes unbounded if bx 0 which is the case for x 4 r zi , viz. Equation (13).
Non-minimum phase systems and control
In a similar way, the problem of controlling non-minimum phase systems can be explained. A system is called non-minimum phase if it has unstable zeros, i.e. the zeros of the system are in the right-half plane. If the system is then inverted, as in the classical non-linear control strategies, see Equation (14), the resulting input function ux will have unstable poles.
Literature
In literature several methods can be found that deal with the control of certain types of those systems, for example Chen and Balance (2002), Devasia et al. (1996) , Hauser et al. (1992) , Herrmann et al. (2001) , Hirschorn and Davis (1987) , Huang and Yuan (2002) , Isidori (1995) , Leith and Leithead (2001) , Okou et al. (1999) , and Yamada and Yuzawa (2002) . Some of these methods deal with the problem of systems having ill-defined relative degree, others deal with the problem of systems being non-minimum phase (NMP).
However, there are also methods for which it is proved that they deal with both problems, or have the potential to do so. Those methods are interesting to the ZI powertrain and will, therefore, be discussed in detail. The control methods considered here are shown in Table 1 . It can be seen from Table 1 that the method presented in Isidori (1995) is promising for the ZI powertrain. The methods presented in Hauser et al. (1992) and in Yamada and Yuzawa (2002) , in which a control law is derived based upon an approximation of the real system, are also interesting.
In Vijlbrief (2004) the application of the three favourable methods to the ZI powertrain are analysed in more detail. The conclusions of these analyses are given below: * Isidori (1995) : the method only applies for MIMO systems providing sufficient input/output functions to work around possible channels with NMP and/or ill-defined relative degrees. One condition for solvability is that for all m inputs, m output functions have to be found that realise a summed relative degree equal to number of states. For the ZI powertrain this is at least true if we choose two inputs by dropping the constraint for u 1 in Equation (8) and choose two outputs of which one equals the vehicle speed x 2 . Choosing the vehicle speed as an output function involves a more intricate translation of the accelerator pedal motion into a desired output value. More specifically, the road load in Equation (7) must be known exactly at all times. This issue was already identified in Serrarens et al. (2003) . An appropriate pedal translation using some sort of road load estimator in combination with the Isidori control method is left for future research. (2002): this method proposes a state transformation matrix such that standard I/O linearisation can be applied to the transformed system. One condition for solvability could not be met for the ZI powertrain rendering this method not applicable. * Hauser et al. (1992) : in this method a coordinate transformation is performed omitting the terms that cause ill-defined degree. One of the conditions for solvability is that it should have a robust relative degree, in the sense of Hauser et al. This condition could not be met for the ZI powertrain. However, the idea of using some sort of approximation of the original system that circumvents the ill-defined relative degree seems attractive from a control point of view.
In the next section, an approximation is proposed for the ZI system and I/O linearisation is applied. Stability of the closed loop system is argued using a Hartman-Grobman theorem at least in a part of the state envelope.
Approximate I/O linearisation
In the previous sections it appeared that many methods that were found in the literature are not applicable to the ZI powertrain, therefore, in this section a control law is designed using a new method. The idea in Hauser et al. (1992) of designing a control law based upon an approximation of the real system is adopted, but the stability of the closed loop system is proven in a different fashion.
As stated earlier, the problems of the input becoming unbounded is caused by the second term in Equation (13) switching sign if the CVT-ratio crosses the zero inertia ratio r zi . This term is therefore replaced by a different term which will be motivated further on in this section. The new control law is chosen as:
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Where b Ã x is equal to bx in Equation (12), but the term d is replaced by:
This approximation seems quite ad hoc, on the other hand it certifies both that non-minimum phase dynamics and ill-defined relative degree of the system are not reflected in the model-based control law. This means that the approximate control model using b Ã x always assumes non-linear but minimum-phase system behaviour. The negative term in (18) is relatively small in order not to deviate too far from the real system parameter function d . Figure 2 shows d and its approximation Ã d . Now, the new input v is chosen as: where e is defined as e y d À y and k 1 and k 2 are constants. The control scheme of the closed-loop system can now be sketched as in Figure 3 , where:
and H non-linear indicates the non-linear system according to Equations (2) and (3) or an even more non-linear system model used in the simulation study of Section 5. 
Stability
Applying the control law to the control model in Equation (9) yields for the output: y ax bx b Ã x y d k 1 e k 2 e À ax 21 yielding the error dynamics: e y d À ax bx b Ã x y d k 1 e k 2 e À ax X 22
The stability of the closed loop system is analysed in two parts, that is for b Ã x bx and b Ã x T bx.
Stability for b Ã x bx
Firstly consider the case where b Ã x bx, which, using Equation (22) results in the error dynamics: e k 1 e k 2 e 0Y 23 which is obviously asymptotically stable for positive k 1 and k 2 . In order to prove stability of the closed-loop system it is now sufficient to show that the zero-dynamics are stable, resulting in y y d . Recalling that y x 3 x 3Yd and substituting e e y d 0 and Equation (16) in Equation (9) yields:
Àax bx X
24
Suppose that the position of the accelerator did not move for some time, and that the states have become stationary. It may be assumed that this state is the desired state, because otherwise the driver would change the position of the accelerator. Hence, it can be stated that:
T OL x 4Yd r d T rv x 2Yd
x 1Yd
x 2Yd x 4Yd r d X
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Here, x 2Yd is the desired stationary wheel speed and x 3Yd is the desired stationary wheel torque and x 4Yd is the desired stationary CVT ratio. Substituting this result in Equation (24) yields for x 2 :
Because the right-hand side is a positive constant and only forward movement is considered, x 2Yd is a globally asymptotically stable equilibrium point. Substituting Equation (12), (25) and x 2 x 2Yd in Equation (24) yields for x 4 :
Because the right-hand side of the equation is negative for the considered range of states, the equilibrium point x 4 x 4Yd is globally asymptotically stable. Using e y d À y 0 and y d 0 (from the constant accelerator angle) yields x 3 0. Substituting this, x 1 x 1Yd and x 4 x 4Yd in Equation (24) yields:
x 2Yd x 4Yd r d X 28
Because x 2Yd and x 4Yd are constant, x 1 is stable. Thus, the proposed control law results in a stable behaviour of the ZI powertrain for the region where bx b Ã x. In practice this comes down to CVT ratios x 4 between the overdrive ratio (maximal ratio) and the zero inertia ratio r zi defined in Equation (13).
If the matrix A has stable eigenvalues, the linearised system is stable, and therefore it is guaranteed, using the theorem of Hartman-Grobman, that the non-linear system is at least locally asymptotically stable. The eigenvalues of the matrix A obviously depend on y d , T OL , k 1 and k 2 and are analysed numerically, showing no unstable regions.
Simulation results
In this section the results of some time-domain simulations are discussed. For these simulations a more realistic simulation model is used, that differs from Equation (9).
The simulation model takes the stiffness and damping of the powertrain into account, as well as the power losses (Serrarens, 2001) . Possibly, the performance of the controller can be improved by fine-tuning k 1 and k 2 . This is left for future research.
During the simulations the input calculated by the new control law is also applied to a conventional CVT powertrain, that is without the flywheel inertia J f .
The result of one simulation will be discussed in this section. For this simulation, the initial stationary speed is 80 km/h. At t 0 sec the accelerator is completely kicked down. After 5 seconds, the accelerator is released to 10%. At t 10 sec, the accelerator is pressed again, this time to 70%. Finally, at t 15 sec the accelerator is partially released to 30%. Figure 4 shows the accelerator position used in the simulations. The result of this simulation using the new controller are shown in Figure 5 . Figure 5 shows that the response of the vehicle with the ZI powertrain suffers much less from hesitation. The moment that the accelerator is pressed, the vehicle starts to accelerate. There are, however, some undesired jerks in the wheel torque response. These jerks are the result of the non-minimum phase behaviour of the ZI powertrain after passing through the ZI point. In case of the CVT (without flywheel) these jerks are also visible but then at a much lower (and hesitating) torque level. Furthermore, the jerks with both CVT systems are much less severe, when compared to kick-down responses using a traditional automatic transmission. The immediate and persistent rise in torque is seen as the most relevant contribution of the ZI concept. Also seen in the response is that the error, which was defined as the difference between the real wheel torque and the desired wheel torque, does not become zero for both control laws.
Possible reasons for the error not to become zero are: * both control models assume the efficiency is 1, which is not the case in the simulation model * model uncertainties, for example the compliances taken into account in the simulation model but not in the control models, could lead to a linearisation step that is not exact * the gain k 2 is chosen very low in these simulations. Choosing a larger k 2 could result in better tracking and thus a smaller error.
Conclusions and recommendations
A new control law is presented for the ZI powertrain, which is a system that is partly non-minimum phase with an ill-defined relative degree. The control law is based upon an approximation of the real system. The stability is analysed using Lyapunov's direct method and the theorem of Hartman-Grobman. The designed control law results in bounded-error tracking behaviour. It is recommended for future research to investigate the possibility to use the MIMO approach of (Isidori, 1995) for the ZI powertrain. When using a MIMO approach, Model-Based Predictive Control is an interesting approach for future research. New optimisation techniques have led to explicit form of the MPC controller (Bemporad et al., 2002) , which makes this control design method also applicable for fast mechatronic systems such as transmissions. The prediction horizon in MPC control can be used instrumentally to take actions when the singular Zero Inertia point is approaching.
In this article only simulations have been performed using the new control law. Experiments should be performed as well. Subsequently, an analysis should be performed to investigate the sensitivity of the new control law to parameter perturbations and model uncertainties. Finally, it might be interesting to check whether the approximation method used in this article could also be useful for other types of systems.
